Abstract. Stepped beams with elastic end supports have been extensively investigated due to
INTRODUCTION
A brief review of selected publications on transverse vibration of beams with changes in cross-sections follows. Taleb and Suppiger (1961) and Levinson (1976) derived the frequency equation for a simply supported stepped beam. Heidebrecht (1967) showed numerical method to calculate the first natural frequency of simply-supported beams. Jang and Bert (1989a) and Jang and Bert (1989b) were the first to derive the frequency equations as fourth order determinants equated to zero, for combinations of the classical clamped, pinned and free end supports. Vibration analysis of stepped beam with one step cross-section change subject to the constraining effect of rotational and translational springs at both ends was presented by Maurizi and Bellés (1993) . De Rosa (1994) studied the vibration of a beam with one step change in cross-section with elastic supports at the ends. Neguleswaran (2002) , studied the frequency equations of an Euler-Bernoulli beam with up to three step changes in cross-section and on classical and/or elastic supports. The first three natural frequencies for three different types of transverse sections of beams, was tabulated by this author. Dong (2005) presented a scheme to calculate the laminated composite beam's flexural rigidity and transverse shearing rigidity based on first order shear deformation theory. A stepped beam model was then developed by using Timoshenko's beam theory to predict analytically the natural frequencies and mode shapes of a stepped laminated composite beam. Modal analysis with piezoelectric materials bonded on beam surface, i. e., stepped piezoelectric beams, was validated by Maurini et al (2006) . They used Euler-Bernoulli model from finite element analysis and experimental procedures validated the results.
In Stanton and Mann (2010) was developed an analytic framework for determining closed form expressions for the natural frequencies, mode shapes, and frequency response function for Euler-Bernoulli beams with any number of geometric or material discontinuities. Theoretical predictions are experimentally validated as well.
The present paper presents the transverse vibration of Euler-Bernoulli beams with discontinuous geometry and elastic end supports. The natural frequencies and the mode shapes of stepped beams are discussed and compared to each other. Combinations of the classical clamped, pinned, sliding, and free types of elastic end supports are considered. The first three frequencies parameters of beams with two step changes in cross-section are evaluated for selected sets of system parameters and types of end supports. The proposed method can be extended to beams with any number of step changes in cross-section. The solution of Eq. (1) subject to four boundary conditions and two initial conditions are used to obtain system of linear equations in order to determine the constants of general solution. The Eq. (1) is simplified by assuming a separation of variables solution of the form as follows:
MATHEMATICAL FORMULATION
When one substitutes the Eq. (2) into the Eq. (1), the equation of motion turns:
The Eq. (3) can be rearranged as:
We define:
 is the dimensional natural frequency ( m ); is the angular natural frequency ( / rad s ). The general solution of Eq. (4) can be put in the form, Inman (2001).
where ( ) X x represents the mode shape of beam, 1 2 3 , , B B B and 4 B are coefficients of general solution and L is the length of continuous beam.
Based on the Euler-Bernoulli beam, one can study stepped beams with several step changes in cross-section and with different elastic supports as shown in Fig. 1 where ( n is the number of sections of the beam). where 0 , 1, 2, , 
where
is the section number of the beam, k is the number of mode shape, j b (where 1, , 4 j   ) is the index of the coefficient of the general solution.
The index of the coefficient of th i section of the beam can be expressed as follows.
where 1, , 4 j   is the number of coefficient of the general solution.
Boundary conditions
The vibration equation, Eq. (7), contains four unknown coefficients, j b B , and one natural frequency for each segment of beam. Hence, the calculating of solution of Eq. (7) requires four boundary conditions for the end and others four boundary conditions for each one of the junction of the different segments of beam.
The boundary conditions are obtained by examining the deflection, the slope, the bending moment and the shear force at each end of the beam. In addition to satisfying four boundary conditions, the solution of Eq. (1) can be calculated only if two initial conditions (in time) are specified.
The eigenvalue problem must be solved for a particular set of boundary conditions, resulting in expressions for the eigenfunctions , ( ) i k i X x and frequencies which the structure can accommodate in free vibration. The boundary conditions for the structural system under consideration, Fig. 1 , are as follows.
In the ends:
 Shear force
The continuity conditions at the junctions are:
 Slope
 Bending moment
These boundary conditions are used to obtain the general solution and a system of homogeneous algebraic equations in the unknowns bj B . In order to have a non-trivial solution, the determinant of the coefficient matrix must vanish identically.
NUMERICAL RESULTS
The results for two different stepped beams are presented in this section, one of the beams presents a single step change in cross-section. The other beam has two step changes. Both beams are supported on elastic ends. Numerical results for the first three natural frequencies for different end support were compared to available literature. T are rotational and translational dimensionless parameters. 1, k  is the dimensionless natural frequency; the index 1 represents the first segment beam for th k natural frequency. The rotational and translational dimensionless parameters, the dimensionless natural frequencies 1, k  and the angular natural frequencies, n  , are expressed as follows. 1  1  2  2  1  1  2  2  3  3  1 1  1 1  2 2  2 2 , , , The Figures (3) and (4) The mode shapes of stepped beams with two step changes in cross-section are shown in Figures 5(a)  . The coefficient matrix is formulated by applying the boundary conditions into Eq. (4). The natural frequencies of the transverse vibrations of a stepped beam are obtained by setting the determinant of the coefficient matrix to vanish and then the mode shapes can be calculated. To clarify the proposed method, numerical simulations have been presented for a beam with one step change in cross-section and two step changes in crosssection for different elastic end supports. Three types of cross-section area were considered as the rectangular with constant height, the rectangular cross-section with constant width and the circular. The numerical results from discontinuous geometry beam model confirm the validity of the approach and hence, exact methods such as the proposed beam are required for practical implementation of such discontinuous structures.
